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The missed particle-antiparticle degrees of freedom are retrieved and the corresponding particle-
antiparticle intrinsic space are introduced to study the dynamical symmetry of the Dirac particle. As
a result, the particle-antiparticle quantum number appears naturally and the Dirac particle has five
quantum numbers instead of four. An anti-symmetry (different from the conventional symmetry)
of the Dirac Hamiltonian and a dual symmetry of its eigen functions are explored. The κˆ operator
of the Dirac equation in central potentials is found to be the analog of the helicity operator of the
free particle—the alignment of the spin along the angular momentum.
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Introduction.The eigen solutions of the Dirac equation
for a free particle and/or a particle in central potentials
are the most basic elements of the relativistic quantum
mechanics [1] and quantum field theory [2]. Although
the particle and antiparticle states of a Dirac particle
are conventionally considered as two states of the same
Fermion, and the anti-commutators and the charge con-
jugate transformation (the C operator) for the field op-
erators are introduced, the particle-antiparticle quantum
number is still missing and the C transformation just be-
longs to a discrete two-element group. This unpleasant
situation occurs due to the veiled reason that the particle-
antiparticle degrees of freedom are hidden in the γ ma-
trices of the Dirac equation. In this Letter we shall show
that the γ matrices can be split into products of two
parts which correspond to the spin operators and the
particle-antiparticle operators respectively. The dynam-
ical degrees of freedom (DoF) for a Dirac particle thus
become complete and include those in coordinate space,
spin space, and particle-antiparticle space. As a result,
the Dirac particle has five quantum numbers instead of
four. The splitting of γ matrices and the introduction
of particle-antiparticle operators are necessary for a cor-
rect description of interactions and may have profound
meaning.
The dynamical degrees of freedom for free Dirac par-
ticles. The Hamiltonian of a free Dirac particle reads
Ĥ = cα · p+mc2β. (1)
Introducing the particle-antiparticle operators τ as fol-
lows
τ1 =
(
0 1
1 0
)
, τ2 =
(
0 −i
i 0
)
, τ3 =
(
1 0
0 −1
)
, (2)
the matrices α and β (or γµ) can be written as di-
rect products of the spin operator σ and the particle-
antiparticle operator τ
α = σ ⊗ τ1, β = Iσ ⊗ τ3. (3)
Here the convention is used that the spin operators
(Iσ, σi) should be inserted into the particle-antiparticle
operators (Iτ , τi) as their operator-valued elements. It is
found that the algebra (Iσ, σi) ⊗ (Iτ , τi) is equivalent to
the Clifford algebra or Dirac ring which is indispensible
for a proper description of interations [3, 4] and also jus-
tifies the above splitting scheme. Hence the Hamiltonian
can be rewritten as
Ĥ = cp · σ ⊗ τ1 +mc
2
Iσ ⊗ τ3. (4)
Now it is evident that a free Dirac particle has three
types of DoF’s: the DoF’s in coordinate space r, spin
space s, and particle-antiparticle space τ . Equation (4)
clearly shows that the Dirac Hamiltonian possesses the
dynamical group SUσ(2)⊗SUτ (2). Thus a free Dirac par-
ticle should have five mutually commutative invariant op-
erators and five quantum numbers (instead of four) which
uniquely specify its quantum states. The five operators
are: (i) three components of the conserved momentum
p ([p, Ĥ] = 0); (ii) since the momentum is conserved,
the helicity can be defined as σ‖ = (p · σ)/p which com-
mutes with the Hamiltonian; (iii) finally, the particle-
antiparticle operator reads
τ˜3 =
1
E
(µ cpτ1 +mc
2τ3) =
1
E
(
mc2 µ cp
µ cp −mc2
)
, (5)
where µ is the eigen value of σ‖, and the commutation
relation [τ˜3, Ĥ ] = 0 holds too.
The eigen wave function for a free Dirac particle is a
product of three separable parts
Ψ˜pµν(r, s, τ) =
1
(2pi~)3/2
eip·rU˜(µ)V˜ (ν) (6)
where the spin wave function U˜(µ) is the eigen function
of σ‖
σ‖U˜(µ) = µU˜(µ), with µ = ±1. (7)
2If σ‖ is diagonal, i.e., σ‖ =
(
1 0
0 −1
)
, then we have
U˜(+1) =
(
1
0
)
, U˜(−1) =
(
0
1
)
. (8)
In the above helicity representation, the eigen func-
tions of τ˜3 with the eigen values +1 and−1 corresponding
to particle and antiparticle respectively, read
V˜ (+1) =
√
E+mc2
2E
(
1
µcp
E+mc2
)
, (9)
V˜ (−1) = i
√
E+mc2
2E
( −µcp
E+mc2
1
)
, (10)
where E =
√
m2c4 + c2p2. Inserting Eqs. (8, 9, 10) into
Eq. (6), we recover the standard solutions for a free Dirac
particle.
In the above representation, the 4×4 helicity operator
is also diagonal,
Σ˜‖ = Iτ ⊗ σz , Σ˜‖Ψ˜pµν(r, s, τ) = µΨ˜pµν(r, s, τ). (11)
and the particle-antiparticle operator τ˜3 becomes a 4× 4
matrix
T˜3 =
1
E
(
mc2 cpσz
cpσz −mc2
)
, (12)
with
T˜3Ψ˜pµν(r, s, τ) = νΨ˜pµν(r, s, τ). (13)
It turns out that the Hamiltonian is proportional to
the particle-antiparticle operator,
H˜ = ET˜3, H˜Ψ˜pµν(r, s, τ) = νEΨ˜pµν(r, s, τ), (14)
which tells us that the negative energies of the antipar-
ticles are in fact from the negative antiparticle quantum
number −1.
We find that a particle state is transformed to an an-
tiparticle state with the helicity intact by the following
unitary transformation,
C˜ =
(
0 iI
−iI 0
)
= C˜† = C˜−1 (15)
C˜Ψ˜pµν(r, s, τ) = Ψ˜pµ−ν(r, s, τ), (16)
and vice versa. Thus we can call C˜ the particle-
antiparticle transformation. The Hamiltonian H˜ is anti-
symmetric under the particle-antiparticle transforma-
tion,
C˜H˜C˜−1 = −H˜, i.e., {H˜, C˜} = 0. (17)
By virtue of the unitary transformation,
û = Iτ ⊗
√
1+p̂z
2
(
1 p̂r1+p̂z
p̂l
1+p̂z
−1
)
, (18)
where p̂z = pz/p, p̂r = (px−ipy)/p, and p̂l = (px−ipy)/p,
we obtain the eigen solutions of the Dirac equation in the
Dirac-Pauli γ-matrix representation as follows
Ψpµν(r, s, τ) = ûΨ˜pµν . (19)
The eigen solutions of the Dirac equation are
Ψp++(r, s, τ) = N

1
p̂l
1+p̂z
cp
E+mc2
p̂l
1+p̂z
cp
E+mc2
 eip·r, (20)
Ψp−+(r, s, τ) = N

p̂r
1+p̂z
−1
−p̂r
1+p̂z
cp
E+mc2
cp
E+mc2
 eip·r, (21)
Ψp+−(r, s, τ) = iN

−cp
E+mc2
p̂l
1+p̂z
cp
E+mc2
1
p̂l
1+p̂z
 eip·r, (22)
Ψp−−(r, s, τ) = iN

p̂r
1+p̂z
cp
E+mc2
−cp
E+mc2
p̂r
1+p̂z
−1
 eip·r, (23)
where
N = 1
(2pi~)3/2
√
E+mc2
2E
√
1+p̂z
2 . (24)
The 4× 4 helicity operator now becomes
Σ‖ = Iτ ⊗
(
p̂z p̂r
p̂l −p̂z
)
, (25)
with
Σ‖Ψpµν(r, s, τ) = µΨpµν(r, s, τ). (26)
The 4× 4 particle-antiparticle operator now reads
T3 =
1
E

mc2 0 cp p̂z cp p̂r
0 mc2 cp p̂l −cp p̂z
cp p̂z cp p̂r −mc2 0
cp p̂l −cp p̂z 0 −mc2
 , (27)
with
T3Ψpµν(r, s, τ) = νΨpµν(r, s, τ). (28)
3The Hamiltonian of the Dirac equation is Ĥ = ET3,
and
ĤΨpµν(r, s, τ) = νEΨpµν(r, s, τ). (29)
The particle-antiparticle unitary transformation now
reads
C = ûC˜û−1 = −Iσ ⊗ τ2, (30)
which transforms a particle state to an antiparticle state
with the helicity intact, and vice versa,
CΨpµν(r, s, τ) = Ψpµ−ν(r, s, τ). (31)
Again, the Hamiltonian Ĥ is anti-commutative with
the particle-antiparticle transformation C, CĤC−1 =
−Ĥ, and {Ĥ, C} = 0.
Dirac particles in central potentials: (A) κ̂ — the ana-
log of the helicity in the central potential. The Hamilto-
nian of a Dirac particle in a central vector potential Vv(r)
reads
Ĥ = cα · p+mc2β + Vv(r). (32)
For a free Dirac particle, the conserved linear momen-
tum of the particle specifies a special direction of the
system. The spin alinment of the Dirac particle along
the linear momentum results in the helicity which is con-
served consistently with the linear momentum. The na-
ture of the spin alignment is closely related to the lin-
earization of the squared relativistic energy operator
[Ĥ − Vv(r)]
2 = [mc2]2 + (cp)2, (cp)2 = −(c~)2∇2. (33)
For the free particle, the central potential Vv(r) in
Eq. (33) vanishes and
Ĥ2 = [mc2]2 + (cp)2. (34)
Since the linear momentum is conserved, the lineariza-
tion should be carried out in Cartesian coordinates, and
one gets the Dirac Hamiltonian Eq. (1). This means that
the linearization of the squared free particle Hamiltonian
operator in Cartesian coordinates leads to the helicity
operator and the unique spin alignment of the free parti-
cle along its linear momentum direction naturally leads
to the helicity conservation.
In a central potential, the particle has certain angular
momentum, and the natural frame is the spherical coor-
dinates. In this case, the squared kinetic energy operator
reads
(cp)2 = −(c~)2∇2 = −(c~)2
[
1
r2
d
drr
2 d
dr −
L̂2
r2
]
. (35)
The problem is how to linearize [Ĥ−Vv(r)]2 in the spheri-
cal coordinates. This has been done and the result is well
known as follows,
Ĥ − Vv(r) = βmc2 + αr
(
p̂r +
ic~
r βκ̂
)
, (36)
Ĥ = αr
(
cp̂r +
ic~
r βκ̂
)
+ Vv(r) + βmc
2
=
(
mc2 + Vv cp̂rσr −
ic~
r σr κ̂
cp̂rσr +
ic~
r σrκ̂ −mc
2 + Vv
)
, (37)
where
αr =
α̂·r̂
r =
(
0 σr
σr 0
)
, σr =
σ·r
r =
√
3
4pi
∑
µ Y1µσµ,
(38)
with
σ0 = σz, σ± =
1
2 (σx ± iσy), p̂r = −i~(
d
dr +
1
r ), (39)
and κ̂ appearing in Ĥ is just referred to its eigen values
±(j + 12 ) symbolically, it is in fact a 4× 4 operator
~κ̂ = β(Σ ·L+ ~) =
(
σ ·L+ ~ 0
0 −(σ · L+ ~)
)
. (40)
This means that κ̂ comes from the linearization of the
operator [Ĥ − Vv(r)]2 in the spherical coordinates and κ̂
is thus the analog of the helicity for the Dirac particle
in the central potentials. In fact, in the central poten-
tials, the only characteristic direction of the system is re-
lated to its angular momentum, so that the spin can only
make its alignment along the angular momentum with
two possibilities for a given total angular momentum j:
j = l+ 12 for parallel alignment and j = (l+1)−
1
2 for anti-
parallel alignment. The mixing between the harmonic
spin functions ΦAjm ≡
∑
ml,ms
Cjmlml1/2msYlml(Ω)χms(s)
and ΦBjm ≡
∑
ml,ms
Cjml+1ml1/2msYl+1ml(Ω)χms(s) is due
to the scalar operator αr contains the 1-rank spherical
harmonic function Y1µ and the 1-rank tensors σµ(µ =
0,±1) which change angular momentum by ∆l = ±1
and keep the total angular momentum jm conserved.
Since in the γ-splitting scheme, the parity operator
iγ4 = Iσ ⊗ τ3 indicates that the particle and antiparticle
components have opposite intrinsic parities which, to-
gether with the opposite parities of the components ΦAjm
and ΦBjm, make the Dirac particle in central potentials
have a definite total parity.
(B) The particle-antiparticle symmetry of Dirac equa-
tion in central potentials. To study the particle-
antiparticle symmetry of Dirac equation in central po-
tentials, we add a scalar central potential Vs(r) in the
Dirac Hamiltonian,
Ĥ = αr
[
cp̂r +
ic~
r βκ̂
]
+ Vv(r) + β[mc
2 + Vs(r)]
=
(
(mc2 + Vs) + Vv cp̂rσr −
ic~
r σrκ̂
cp̂rσr +
ic~
r σr κ̂ −(mc
2 + Vs) + Vv
)
. (41)
Let’s introduce the particle-antiparticle unitary trans-
formation
C =
(
0 iσr
−iσr 0
)
= C† = C−1, (42)
4which is just a generalization of the unitary particle-
antiparticle transformation for the free Dirac particle.
The transformed Hamiltonian is
H˜ = CĤC−1 = −Ĥ. (43)
Here we have used the transformation property of the
scalar potential and the vector potential as usual
CVsC
−1 = Vs, CVvC
−1 = −Vv (44)
The Hamiltonian Ĥ of the system is again anti-
commutative with the unitary particle-antiparticle trans-
formation C, {Ĥ, C} = 0.
Under the transformation C, Ψ˜njmκν = CΨnjmκν , the
Dirac equations for the particle and antiparticle read,
ĤΨnjmκν = EΨnjmκν , (45)
ĤΨ˜njmκν = −EΨ˜njmκν . (46)
Explicitly,
Ψnjm++ =
(
ΦAjmf(r)
ΦBjmig(r)
)
,Ψnjm+− = i
(
ΦAjmg(r)
ΦBjmif(r)
)
,
(47)
Ψnjm−+ =
(
ΦBjmf(r)
ΦAjmig(r)
)
,Ψnjm−− = i
(
ΦBjmg(r)
ΦAjmif(r)
)
.
(48)
Since the particle-antiparticle transformation ex-
changes the radial functions f(r) and g(r) between the
two components of the eigen functions of the Dirac equa-
tion and keeps the total angular momentum (spherical
spinors) of the eigen functions ΦAjm and Φ
B
jm intact, the
transformed Hamiltonian leads to the same coupled eigen
equations for the radial functions f(r) and g(r) of the an-
tiparticle as that for the particle. Therefore the antipar-
ticle has the same radial eigen functions as the particle
does, but these two eigen radial functions exchange their
position in their eigen solutions.
In the above, besides the quantum number κ as the
eigen values of κˆ/(j+1/2) (κ = ±1 instead of ±(j+1/2)),
we have introduced the particle-antiparticle quantum
numbers ν (= ±1). The eigen function of the Dirac parti-
cles in the scalar and vector central potentials have been
written as Ψnjmκν with the following dual symmetry and
the conserved quantum numbers,
ĈΨnjmκν = Ψ˜njmκν = Ψnjmκ−ν , (49)
ĤΨnjmκν = νEnjκΨnjmκν , (50)
Ĵ2Ψnjmκν = j(j + 1)Ψnjmκν , (51)
ĴzΨnjmκν = mΨnjmκν , (52)
κ̂/(j + 1/2)Ψnjmκν = κΨnjmκν . (53)
It is remarkable that the anti-symmetry of a sys-
tem does not lead to a conserved operator because the
anti-symmetry operator is not commutative but anti-
commutative with the Hamiltonian. However, as the
particle-antiparticle space is introduced, the discrete
group (I, C) can be embedded in the enlarged continuous
intrinsic particle-antiparticle space as a discrete subgroup
of the enlarged continuous group with the generators (τi)
and one can find the invariant operators and the corre-
sponding quantum numbers. For example, in the cases
investigated we do find both the anti-symmetry operator
C and the conserved particle-antiparticle operator T3.
Summary. We find that the internal γ-degrees of free-
dom in relativistic quantum mechanics and quantum field
theory is a composite and coherent combination of the
spin degrees of freedom and the particle-antiparticle de-
grees of freedom. This coherent combination can only
be realized for free particles and it hides the particle-
antiparticle degrees of freedom. As the coherent com-
posite γ-degrees of freedom are split by interactions, the
γ space is broken into the spin σ-space and particle-
antiparticle τ -space. In general cases with interactions,
one needs to describe the Dirac particles in the σ-space
and τ -space separately, which provides an alternative ap-
proach besides the nonlinear Clifford algebra or Dirac
ring. This implies that the splitting of the coherent com-
posite γ-space into its constituent σ-space and τ -space
is just the reflection of the breaking of its coherence by
interactions. The advantage of the splitting is that it
is more “microscopic” than Dirac ring and it leads to
new and more detailed information of the wave function
and the corresponding quantum number because it in-
troduces a new intrinsic space—the particle-antiparticle
space. For example, for the ortho-positronium, quite dif-
ferent from the conventional description, one can write
down explicitly its more detailed wave function with the
quantum numbers in configuration space, spin space, and
particle-antiparticle space as (l = 0, s = 1, τ = 0), thus
C-parity is negative (since the τ wave function is anti-
symmetric); while for the para-positronium, the quantum
numbers are (l = 0, s = 0, τ = 1) and C-parity is positive
(since the τ wave function is symmetric). Thus expla-
nation of the decay properties of positronium is more
microscopic and transparent than the conventional the-
ory [4].
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